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Abstract: In this paper, we find a subclass of univalent analytic functions by fixing second, third, fourth Taylor coefficients. We
investigate coefficient bounds, starlikeness, convexity, growth, distortion theorems, and extreme points for this class.

Index Terms: Univalent functions

Introduction
Let S be the class of all functions of the form f(z) =z + Y3, a,2"
which are analytic and univalentin I/ = {z € C:|z| < 1}.
Let T be the subclass [4] of § of all functions of the form
fle)=z- 3 0n2" 2 20 M
forzeU.

A function f(z) € T, is said to be starlike[1] of order « if

Re(z::(;))>tx 0<ax<l1

A function f(z} € T, is said to be convex [1] of order « if

2 (z)

Re (1455

) za, 0=sa<i
Silverman [2] proved that if f(z) given by (1) is in T and @, > 0 then a sufficient condition for f(z) to be in T is given by
Toean(n — e, < 2a, (2)

Now we introduce a subclass [3] T(b.d, B,) of T by fixing a,,a; and a, by imposing a generalized form of the condition (2} as
follows:

T(b,d,By) ={f €T:f(2) =z — bz? —dz* — L3_canz"} Ti4Bntns, < (2b—-dBy) 3)

where 0<b< 0<d<— B,znn+1).

Section 1

In section 1, we find a coefficient characterization for T(b, d, B,,), a sufficient condition for starlkeness and a condition for functions
in this class to be convex of order a.
First we find a necessary condition for functions in T{b, d, B,,} in terms of Taylor coefficients.

Theorem 1: For0 <b < ,OSdSﬁ,zEU,afunction

1
4
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Abstract: In this paper we defined a new class of univalent and analytic functions with fixed second and third Taylor coefficients.
Coefficient condition, starlikeness and convexity, extreme points, growth and distortion properties for this class are investigated.

IndexTerms — Univalent function

I. INTRODUCTION
Let § be the class of functions of the form f (2} = z + X, a, " that are analytic and univalent in the unit disk
U={zeC:|z|] < 1}. Let T be the subclass of functions of § which are of the form
fA=z-3¥3.a,z", a, =20, n=23,.. (1)
in U and C be the subclass of functions of T which are convex in U. Wehave f € Cifandonly if zf' € T.
Now we introduce a subclass T(b, ¢, B,) = T by fixing @; and a3, for0 < b < i, 0<c< ;15 and B, z2n(n+1) fornz=2,
T(h.c.B) ={f(2) ET:f(z)=z—bz* —cz* —F2,a,2", 2B, ay,, S 2b—cB,).
Let C(b,c, B,) be a subclass of functions of T (b, c, B,) which is convex in U,

This paper consists of two sections. In section 1, we find the coefficient conditions for starlikeness and convexity of the class
T(b,c, B,). Insection 2 we find extreme points, growth and distortion properties for the class T(b, c, B,,).

SECTION 1

We need the following definitions from {1].

zf'(z)

f(z)]>“

Definition1: [1] A function f(z) € § is said to be starlike of order a (0 < @ < 1) in U, if it satisfies the inequality Re[
for z € U. The class of starlike functions of order @ is denoted by §$*{a}.

Definition 2: [1] A function f(2) € 5 is said to be convex of order & (0 < & < 1) in U, if it satisfies the inequality Re [1 + %] >
a for z € U. The class of convex functions of order a is denoted by C*(a).
We have f € C*(a) ifand only if zf' € §*(a).

We start with a coefficient characterization for the functions of T to be in the class T (b, ¢, B,,).

Theorem-1
The function f(z) =z —bz? —cz® - ¥, a, 2",z € Uisintheclass T(b,c, B,) ifand only if
yoan(n+ 1) a,,, < 2b — 6c. The result is sharp.

Proof: If f(z2)=z—bz*—cz®— Y7 ,a, z" .z € U belongs to the class T(b,c, B,),
Then by the definition, we have 3. B, a,., < 2b—cB;

This gives rrann+1)a,,, <2b-ch,
or Y ann+1)a,,, <2b—c23
thisshows ¥ nn+1)a,,, <2b—6c (2)

Now, suppose that ¥ .n(n+ 1) a,,, < 2b—6c
Then Y3 ,na, <1.
Therefore f(z) € T by [3].
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Abstract: A normalized function f analytic in the
expressed in the form vg(3) where g () has Taylor co
some classes of analytic functions.

1. Introduction

Let 4, be the class of functionsf analytic in U=
{z € C;|z| < 1}, and normalized by A0)=0, £(0)=1 where C
is the set of complex numbers. An fin A, with f(2)#0in
the punctured disc U/{0}, may be expressed as f(z) =
Y(g) =z/g(z} nU,

where g(2) = 1+ Y71 b2" inU.

Mitrinovic [2], Reade et.al [5], Silverman and Silvia [6] and
Srinivas [7, 8] studied these coefficients.

Mitrinovic [3] obtained estimates for the radii on univalence
of certain generalized rational functions z/g{z) . In
particular, he found sufficient conditions for functions of the
form

(1

¥4
1+by+bgzl+.. +bp2"

b, # 0, to be univalent in the unit disk U.

A function
(2)f(2) =z + Tn a2
in A, is said to be startike with respect to the origin in U, if it

. K . .
satisfiesRe 2 > ¢ in U. A function f(2) in 4, is said to be

f(2)
co . 2f'(2) . N
nvex, if Re [1 + T } > 0 in the unit disc U.

Mac Gregor [1] showed the following.

Theorem A: If f € A satisfies

B _q|<1zew,
then
zf (z) 1
@ 1' <1(ll <3)
50 that

zf (2) 1
Re| —1> 0( -—)
( @ ) <3
Therefore, f(z) is univalent and starlike for lz] < z
>

Also, Mac Gregor [2] had given the following result

Theorem B, Iffe A satisfies
IF 2y~ 1) < Hzey)

Re(”%?)”(u

then

open wnit disc around the origin and non
efficients b,’s. Necessary and sufficient conditions in terms of b,

vanishing outside the origin cam |
’s are derived f

Therefore f(z) is convex for [z| < %

The condition domains to Theorem A and Theorem Ba
some circular domains whose centre is the point z=1.

In the research paper Nunokawa ct.al [4], some sufficie
conditions for starlikeness and convexity under t
hypotheses whose condition domains were centered at t
origin were obtained as follows.

A result for starlikeness of f(z) is
Theorem C. Let for f € A; suppose that

_ n? zf () n?

0.10583 ... = exp (_'4199 3) o | <P (4log 3)
9.44915....(z € U).
Then f(2) is starlike for |z| < %
Theorem D. Let for f € A; suppose that
0472367 .. = ep (-3)<|Z<exp(3)
2.1777... (z € U).
Then we have

zf (z) 1

~1f<1(lzl <3)
@ <3

andf (z) is starlike for |z| < %

For convexity of functions f{z), the following result w
derived.

Corollary E. Let f € A; and suppose that

0472367 ... =

3 ' 3
21777....(z € U). exp (4)<[f(2)|<exp(;)

Then f(z) is convex for §z| < %

A result for convexity of functions f(z) was derived in
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INTRODUCTION

LetZ be the class of finctions of the form f(z) = 23 + 20 @, z" defined on the punctured unit digk
U'={z¢ Co<|zl< 1)

Let L, denote the class of meromorphic functions of the form
f@=2+32 a,z" z e Uap20forn=1723 . (1.1)
which are defined on the punctured unit disk [/* = {ze Co < lz| < 1}.

R

Iff(z) =2+ 2o, z" and g(z) = ;1 + X216, 2 are two functions in X, the Hadamard product or
V4
convolution of f and g is defined by
1 Ed
f(z)*g(z): ;+Z?1°=1anbnzna ze . | .

Mogra et al [2] introduced meromorphic starlike functions of order @ and type B, when the coefﬁcxents in
Laurent series expansion about the origin are all positive and denoted by &7 (arl, B). And obt.amed many
useful results such as characterization of coefficients, distortion propetty, radius of convexity, extreme

points for the class Z;(a, B). N .
Kavitha et al.[4] defined a new class of meromorphic functions

Mp(a,/l)={fe Ep:Re(——zfﬁ)——) = a }for 0<a<l, 0<l<1,z€eU

(A-1f(2)+3f (2 ] o
nd obtained coefficient inequality, growth and distortion bounds, radii of meromorphic starlikeness
a _

. : . 2. '
orphic convexity for this class My (a, . _ .
:)T:i:::i?;?ﬂ I:/)\ function f(z) € Z is called meromorph ically starlike univalent of order a,

0<a<1 ifand onlyif ’
—Re{szé?}>a, ze ", f
Definition [2] A function f(z) € Z is called meromorphically convex univalent of order a for
2

0<a<1 ifand only if

Zf”(Z) E U*
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ABSTRACT

The main contribution of this article is to define a certain subclass of generalized harmonic univalent rational functions.
Complex-volued harmonic functions hat are univatent and sense preserving in the unit disk U can be wriffen inthe form
f=h+3 where h and g are analytic in U. In the study of harmonic functions geometric properfies of certain subciasses
were discussed. Conditions of characterization involving bounds on the coefficients lead 1o various external properties.
We further define o new subclass of harmonic rational funchions and also find their coefficient characterization and
certain geometric properties such os star-likeness, convexity and growth and distortion bounds for the functions of the
subclass. Convolution property and extreme points of the subclass has been discussed.

Keywords. Univalent Functions, Harmonic Functions, Rational Functions, Analytic Functions.

INTRODUCTION

Let U={z:|z] <1} denote the open unit disk. A confinuous compiex valued funciion f=u-+iv defined in a simoly connected
complex domain U is said to be harmaonic in U, if tyoth U and v are real harmonic in U. Every hamonic mapping fina simply
connected garmain can be witten asf=h+ g, wherehand g are analytic.
In particutor, we consider the class H of all complexvalued harmonic funcions,

f=h+gin Unormalized by h{0)=0. g(0)=0,h(0)-1=0

We call h and g, the analytic and the co-anaivtic parts of f respectively, and coviously they have the following power series
representation forf=h-+g with,

h(z)-——z+z(;2a”z”,g(:) :Z:“I bz". forzelU ()
Anecessary ond sufficient condition forfto be locatly univalent and sense preserving in U is that,
|h(z)] <|gtz)| in U (Clunie & Shei-Small 1984). The growth and distortion bounds of harmonic univalent functicns are
explained.
Hamonic univalent mappings can be considered as close members of conformal magpings. But, in contrast 1o conformal

rappings. harmenic univalent mappings are not af ol determined {up to nomatizations} by theirimage domaing. It is also
noted that a harmonic univalent mapping canbe constructed on aninterval of the boundary of the open unit disc.
Harmonic mappings have a two senes structure consisting of an ‘analytic part which is o power series in the complex
variable z, and a 'co-analytic part which is a power sefies in the complex conjugate of z In view of such amazing properties,
a study of harmonic univalent mappIngs is very important. Harmonic univaient mappings have affracted the serious
attention of complex analysts only recently after the appearance of abasic paper by Clunie and Shell-Small (1984).

An analvtic function of a harmonic function may not be hameonic. For exarnple, zis hamonic but 7' is not, But, a product of

i-manager's Journal on Mathermatics, Vol 10 « No. 1 » January - June 2021 37
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ABSTRACT

in the present paper. an inferesting subciass of meromorphic univalent functions defined on a punctured unit disk
E={z:|z|1>1} has been considered and studied. A sufficient condition for these functions to be univalent and sense
preserving in the class has been obtained. Certain geometric properties of the functions of the subclass of meromaorphic
functions has been discussed, such as coefficient inequality, starlike-ness, convexity, growth and disforfion, convex linear
combination and extrerme points of the functions of the class by fixing sorme Taylor coefficients.

Keywords. Univalent Functions, Geornetric Properties, Coefficientinequality, Fixed Coefficients.

INTRODUCTION

Geometic function theory is a branch of complex analysis which deals with the geometiic properties of the functions such
as startikeness convexity, growth and distortion bounds, exireme poeints etc, We mainly concentrate on univalent functions
and their geometric properties. A complex valued function s said to be analytic in a unit disk U={z:]z| <1} ifitis differenficble
ot each and every point of the domain. An analytic function £ (z) is said to be univalentin a unif disk U if it does not take same
valueforanyz, 2, e . 2. 22,

Consider f(z} = ,+a,z+0,2’ +..., with a, 2 0 for n 2 0 be the Taylor's series expansion of any {(z) in U. For our convenience we
rewrite the above seties as f{z) = z+X",_, a.2" which is said to be a normalized univatent function. The set of all normalizec
univalent functionsis denoted by S.

Definifion 1.1. An univalent function f (z) is said fo be starlike of order o if R (%—(% >0for0 2w < 1 {Goodman, 1983).
z)
Definition 1.2, An analytic functionis said o be convex of order a. if W (l + i'_ﬂﬂ) 20, for0 <q < 1 (Goodman, 1983).

The growth of an univalent function gives bounds for t{z) and distortion gives trounds of f'(z}.

Let £ be the class of meromorphic functions of the form f(z)=1/z+2', | 0,2" defined in a punctured unit gisk E={zeC:jz{> 1}
(Clunie, 1959).

Definition 1.3. Afunction f(z) of the above form s said to be starlike of ordera forO<a < 1,z « Eif Re{-zf'/f} = (Clunie, 1959),
Definition 1.4. A function f(z) of the above form is said to be convex (Clunie, 1959} oforderaforOs o < 1,z ¢ EifRe
{-{1+z"1f)} > o

In 1925, Nevaniinna presented a large survey of his theory of mesomorphic functions which is regarded as Nevanlinna's
main work, Complex Dynarnics Is a thrust area In modermn function theory an two consective Fields Medals in 1990s were

-manager's Journal on Mathematics, Vol. 10« No. 2w July - Dacember 2021 37
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ABSTRACT:

A meromorphic function with a simple poleat z = 0

and of the formf (z) = §+ Yooazt forzeD =

fz€C: 0< |zl <1} with f(2) #0 in Dcan be
1

f(z) = pprony (z}where glz) =1+

Zo=1bB,2%in D. In this paper certain coefficient

criteria are derived for some classes of meromorphic

functions.

KEYWORDS:Mcromorphic  function, univalent

starlike function.

expressed as

INTRODUCTION

Let #Mdenote the class of functions which are
analytic in D = D(1)where
D(r)={zeC: O<|zl<r} forr>0,
with a simple pole at the point z =0 and C being
the set of complex numbers. By M, we denote the
class of functions f € M of the form
f@) = 2+ T2 a,2" (2 € D) (1)
Also, by zy (n € R, £ € {0,1}), we denote the class
of functions f € M of the form (1)
for which
argla,) = en—(n+ 1)y (ne N ={1,2,3, 1
For =0, £ =0 we obtain the class 1} of
functions with positive coefficients.
Motivated by Silverman[3], Djiok[1] defined the
class

T = UyerTs .
It is called the class of functions with varying
coefficients.
Let a €(0,1), r € (0,1). A function f € M is
said to be meromorphically starlike of order o in
D) if

e (z){—(gl) <-a (z € D(nN).2)

NAT. 1N 2KA70/8Y8 NANRTRATRE

Djiok[1] introduced the class of all functions in M,
which are meromorphically starlike of order o and
denoted it by MS*(a).

We set M5* = MS*(0).

For a function f € 1§, the condition (2) is
equivalent to

zf () +1l<1-—a (ZED(T'))- (3)

f(2)
Let us define a new class MS*(A,B) which
generalizes S*(a) :
A function fEM is said to be in the class
MS *(A,l?) if
zf (z) 1+Az

—E’)—‘( T e (Z € D(T)),
where —1 < B <A <1 and "¢ < u" means that
¢ (D) € u(D). We have

MS*(1 =20, —=1) = MS"(a).

Kulkarni and Joshi[2] studied the class (@, 5,7)
of functions f € X satisfying the condition
l_ fEn
S < B(4)
zf (2} zf (2) -
IZV (faira)- ( 7y “)l
for

1
(zeoﬂ05a<1;o<ﬁsl;5<ysl)

Z is the class of functions in M which are
univalent in D.

In this paper we find sufficient conditions in terms
of  b,’s in Theorems-1, 2 and 3 for some
subclasses of MS™(a) , MS*(A,B) and ¥ (a,B, ¥)
respectively,

SECTION-1
In this section we find a sufficient
condition in Theorem-1 for the subclass of rg N

MS* ().

Teannct Cantar wnhia 7 4720 (10 0NN - 100R Coartifiod Tranrnal Daca 74
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GEOMETRIC PROPERTIES OF {-HYPERGEOMETRIC
FUNCTION

V.SRINIVAS!* AND K. V. VIDYASAGAR?Z-

AUSTRACT. lu this paper, wi derive sulfivien. conditions under which ¢-Hyper-
geometric functions and £-Hypergeometric exponential functions are close-to-
convex with respect to the certain starlike functions and strongly starlikeness.

1. INTRODUCTION

Let A(D{0)) denote the class of analytic functions in the opew unit disk D) =
{zeC: |z < 1}. Let C be the class of all functions J € A(D(0)) which arc
normalized by f(0) = 0 and F(0) =1 and have the form

Je) =z +4na:? vau2® + ...
1.1 =
(1) =24+ Z unz™, =€ D).
n=2

Two functions f,g € A(D, {0)} we say that f is subordinated to g in I, (0} and
cxpress svmbolically f(z) < g{z). if there exists a function w € A(D(0)) with
[{z)) < 2] for all = € Dy {0) 3 glw(z)) = f(2) in 31{0). Furthermore. if function
[ is univalent in Dy (0). then g is subordinate to f provided ¢(0) = f(0} and
9(D1(0)) © F(D1(0)). By S we denote the class of all functions in € which are
univalent in [y (0). Lot S*(e), Cle). K(e), 8 () and C(=) denote the classes of
starlike. convex, close-to-convex, strongly starlike and strongly convex functions of
order ¢, respectively, and are defined as eD(ho<: < 1}

)
K(s) = {fEC:Re (cf'(z)) > e, ufeS’(O)ES*},
{

and
(,:(:)={fEC:‘arg(l+:j—f,:g—;))‘< ?"}

For more details regarding these classes sce (5, 7).

2010 Muthemnatics Subjet Clussification. 30045, 30055, 33C20.
Key words and phrases. univalent function; starlike function; strongly starlike function: close-
to-convex function: {-Hypergeometric function,
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Semi groups of Linear Operators

MSRINIVAT oedh ¥ N Lo

Abstract

This paper will serve a basic introduction to groups of semi groups. Tt will define a
group of semi group in the context of a problems which will serve to motivate further
(elementary) theoretical and practical development of linear groups of semi groups
including the Hille- Yosida . Applications and some problems is discussed.

1 Introduction

Before defining what a semigroup is, one needs to recognize their global importance. Of course
their importance cannot be fuily realized until we have a clear definition and developed theory.
However, in general, semigroups can be used to solve a large class of problems commonly known
as evolution equations. These types of equations appear in many disciplines including physics,
chemistry, biology, engineering, and economics. They are usually described by an initial value
problem (IVP) for a differential equation which can be ordinary or partial. When we view the
cvolution of a system in the context of semigroups we break it down into transitional steps
(i.e. the system evolves from state A to state B, and then from state B to state C). When
we recognize that we have a semigroup, instead of studying the TVP directly, we can study it
via the semigroup and its applicable theory. The theory of linear semigroups is very well
developed [1). For example, linear semigroup theory actually provides necessary and sufficient
conditions to determine the weil-posedness of a problem {3]. There is also theory for nonlinear
semigroups which this paper will not address. This paper will focus on a special class of linear
semigroups called Co semigroups which are sernigroups of strongly continuous bounded linear
operators. The theory of these semigroups will be presented along with some examples which
tend to arise in many areas of application.

2 Whatis a Semigroup?

Let’s begin with the most basic notion of a semigroup.

2.1 Definition (Semigroup) -

A semigroup is a set S coupled with a binary operation *(*: S * § - S) which is associative,
Thatis, V X, y,z € 8, (x *y)*z =x*(y*z). Associativity can also be realized as F (F (x, y), 2) =F(x,
F {y, z)} where F (x, y) serves as the mapping from S X S to S [4].
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Mathematics Teaching through ICT at BRAOU
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ABSTRACT

Learning mathematics in a conventional system of education is hand nut for some and in distance mode of
education, it is more than that for many. In the face to face counselling aspect of distance education, a student
comes in direct eve-to-eve contact of a teacher, The more the interaction between a student and a teacher, the
more the transfer of knowledge from the teacher to the student is. To bring a student into more interaction with
a teacher, the use of Information and Communication Technologies (ICT) is a must in many respects like
flexibility, economy etc.,. An objective of the ODL is to bring up students in this system on par with those in
the regular stream of education, To achieve this objective ICT’s help a lot. The queen of sciences, Mathematics
has been taught at Dr.B.R. Ambedkar Open University (BRAOU) at under graduate level for about four
decades and at post graduate level for about two and half decades. The main medium of course material is the
print version. This has entered the third generation of evolution. The supplementary media are the face to face
counselling, the video lessens, the radio lessons, the teleconferencing and the radio phone in program. All the
above media form a major part of ICT. The present paper deals with the experiences of the authors, who are
from the department of Mathematics at BRAOU, in teaching mathematics through the above media. Some
ICT’s are highly accessible. One of such ICT is the e-learning. The paper also presents some new ideas
concerning e-learning of mathematics.

INTRODUCTEION

BRAOU started teaching Mathematics at undergraduate level in the year 1983, Since then Mathematics has been
offered as an optional subject for B.A., B.Com. and B.Sc. students .12 Mathematics courses of 48 credits are studied
for a bachelor's degree. The total content of the courses is supplied through print medium. This course material s
supplemented by contact-cum-counseling sessions. For cach undergraduate cowrse, counselling in the subject is
provided for 24(=24x1) clock hours.

BRAOU started teaching Mathematics at postgraduate tevel in the year 1993. Program M.Sc. (Mathematics / Applied
Mathematics) are offered at postgraduate degree. Each course is provided with course material and supplemented by
24(=90 minutcs » 16) clock hours of face to face counscling in the subject.

The Mathematics course material for B.Sc. and M.Sc. is alse supplemented by the following audio visual
technologies:

(i) {prerecorded) Video lessons

(i) {prerecorded) Radio lessons

(ii1} {prececorded) Audio lessons

(iv) Live teleconference

{v) Live phone in programs

At BRAOU the first video tesson in Mathematics was prepared in the year 1987, the first radio lesson was nade in the
year 1986, the first audio lesson was made in the vear 1986, the first teleconference was made in the academic year
2000-2001 in the Indian TV channel DD8 and in the academic year 2002-03 in Mana TV, a KU band channel, and the
first radio phone in program took place in the year 2004

In the following sections the authors present their experiences at BRAOU in the preparation ot teleconferencing, video
lessons and radio phone in program and online teaching. In the first section Practices at our university Dr BRAOU
are presented. In the next section ,the authors also present a new idea of e-learning Mathematics at BRAOU. in the
final section, some suggestions are made to improve the performance of ICT at BRAOLU.

Practices

A visionary Prof. Afzal Mohammad, as the Vice Chancellor of BRAOU started interactive teleconferencing at BRAQU
in the year 1999 [1]. Since then the Department of Mathematics at BRAQU has produced more than two dozens of
interactive teleconferences, each ot one hour duration [2]. These are onc way video and two way audio programs,
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A Class Of Univalent Analytic Functions With Fixed
Second And Third Coefficients
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Abstract: In this paper we

defined a new class of univalen
Coefficient condition, starljk

t and analytic function
eness and convexity,

s with fixed second and third Taylor coefficients,
extreme points, growth and distor

tion properties for this class are investigated.
IndexTerms — Univalent function

L. INTRODUCTION

Let S be the class of

functions of the form f@=z+F7
U=[z€€=lzl<1]. LetT

2@n 2" that are anal
be the subclass of functions of § whic

h are of the form
flay=2-%= a7 4,20, n=23,..

in U and C be the subclass of functions of T which are convex in I/, We have f € C if and onlyif zf' e T,
Now we introduce a subclass T(h,c,B,)CThy fixing a; and ay, for 0 < b < f 0<cxg % and B, > n(n+1) forn>2,
Tb,c.B,) ={f(2) ¢ Tif(z)=z-bzt—cz7 —

Z:)::A} Qn Z", Z?:S Bn an+l = 2b~ CBZ]-
) be a subclass of functions of T(b, ¢, B,,) which is convex in (/.

ytic and univalent in the unit disk

(1)

Let C(b,c, B,

vexity of the class
nd extreme points, growth and distortion prop

erties for the class T(b, , ).
SECTION 1

We need the following definitions from {11

Definition1: {1] A function f(z) €5 is said to be starlike ofordera (0 € a < 1

1
yin U, ifit satisfies the inequality Re {——_zf (ZJJ >
for z € I, The class of starlike functions of order o

f(z)
is denoted by S*(a).

Definition 2: [1] A function f(2) €5 is said to be convex of order « 0<a<l}yiny,
a for z € U. The class of convex functions of order a is denoted by C*(a).

if it satisfies the inequality Re [1 + M} >
We have f € C*(a) if and only if zf' € §*(a).

£

We start with a coefficient characterization for the functions of T to be in the class T'(b,c, B,).
Theorem-1

The function f(z) =z — pz? — ¢z3 — Xn=a 0, 2™, 2 € U is in the class T(b,c,B,) ifand only if
Inean(n+ 1) a,,, < 2b — 6¢. The result is sharp.

Proof: If f(z)=z—bhz2 - 23— Liiep 2" ,2 € U belongs to the class T, ¢, B,),
Then by the definition, we have 2neaBpa,,, <2b- cB,

This gives Znmsn(n+1) nyy <20 —ch,
of Yoman(n+ 1) a,,, <2bh—c.23
thisshows Y™ n(n + Da,, <2b-6c

E
gz\'ow, suppose that 3.7 - n(n + 1) iy S 2b—6¢

PP

Then Y2 . na, <1.
Therefore f(z) e T by {3].
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 Subclass of Meromorphic Functions Def;
Convolution
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ABSTRACT

ned by

3
¥

o
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-

: In this paper we deﬁne a subclass 2g(a, ) of Meromorphic univalent functions using convolution. We
study some geometric properties of this subclass. In the first section of't
,  Characterization for a function of L,tob

distortion properties for functions of th
» radii of startikeness and convexity for t
extreme points for the class gla, 2).

his chapter we discuss a coefficient
e a function of the class 2o(e, 2). we also discuss growth and

eclass 3.(a, ). In the second section of this chapter we find
he functions of the class Zg(a, A). In the third section we find

IndexTerms - Meromorphic, Univalent, Convolution,

,  INTRODUCTION

Let £ be the class of functions of the form

flz) = zl + X1, 2" defined on the punctured unit disk
Ur={ze €0<|z| < 1).

Let I, denote the class of meromorphic functions of the form

. fl2)= §+ Lim1@nz", €U a, 2 0forn =123, ... (1.1)
which are defined on the punctured unit disk {/* = {ze o<zl < 1)

Iff(z) = ;1- + Xn=10,2" and g(z) = i + 2i=1 b, 2" are two functions in Z, the
convolution of f and g is defined by

-, f(2)*g(2) = §+z§=1an bpz", z € U",

- Mograetal [2] introduced meromor
' Laurent series expansion about the

~useful results such as characterizati
) points for the class Zi(a, B).

? Kavitha et al.[4] defined a new class of meromorphic functions

Mp(a,,l)=[f€ Ep:Re( L) ) > a }for 0<a<l 0<A<1lzeyu

Hadamard product or

phic starlike functions of order a and type B, when the coefficients in
origin are all positive and denoted by Zz(a,B). And obtained many
on of coefficients, distortion property, radius of convexity, extreme

@-DF A (2)
and obtained coefficient inequality, growth and distor
y and meromorphic convexity for this class My(a, A).

Definition [2] A function f(z) € X is called meromor
/ 0<a<1 ifandonlyif

tion bounds, radii of meromorphic starlikeness

phically starlike univalent of order a,

zf'(2) N
y —Re[——f(z)}>a, ze ",
Definition [2] A function f(z) € I is called meromor
Y

phically convex univalent of order & for
;0<a<1 ifandonly if

zf" (z) v
—Re{l +_ﬁ;} >a, zel

~
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The main contribution of this article is fo define o certain subciass of generalized harmonic univalent rafional functions,
Complex-valued harmonic functions thot are univalent and sense preserving in the unit disk U con be written inthe form
f=h+d. where h ond g are analytic in U. In the study of harmenic functions geometric properties of certain subciasses
were aiscussed. Conditions of characterization irwvolving bounds on the coefficients fead fo various external properties.
We further define a new subclass of harmaonic rationat functions and also find their coefficient characterization and
certain geomelric properties such as star-ikeness, convexity and growth ond gistortion bounds for the functions of the
subclass. Convolution Property ond exfreme points of the suboiass has been discussed.

Keywords: Univalent Funciions, Harmonic Functions, Rational Functions, Analytic Funciions, 3

INTRODUCTION

LetU={z:|z| <1} denote the open unit disk. A confinuous complex valued function f=u+iv defined in a simply connected
complex domain U s said fo be harmaonic In U, if boih uand v are real harmonic in U, Every harmonic mapping fin a simply
connected domain can be written as f=h +d, wherehand g are anahktic,

in particular, we consider the class H of all comples-vatued hamaonic functions.

f=h+ginUnommaiized by h(0)=0, g{0}=0.hi(0)}-1=0 |

We call h and g, the analytic and the Co-analytic paris of trespectively, and obviously they have the following power series
fepresentation forf=h+g with,

u

Mzy=z+ ZT:Z a2, g(z)= Zm b,z", forzel M
Anecessary and sufficient condition for f 1o be locally univalent and sense preserving Int s that,
|h{z)] <tgiz)} in Y (Clunie & Sheil-Small, 1984). The growth and distortion bounds of harmonic univalent functions are
explained,
Harmonic univalent mappings can be considered as close mermibers of conformal mappings. But, in contrast o conformal

mappings. harmonlc univalent mappings are not at all determined fup to normalizations) by their image domains. If Is also
noted that a harmonic univalent mapping can be constiucted on aninferval of the boundary of the open unit disc.
Harmonic mappings have g two seres structure consisting of an ‘analytic part’ which is a power serles in the complex
variable 2, and & 'co-anaiytic part' which is a power series in the complex conjugate of z. In view of such amazing properties,
a study of harmonic univalert mappings is very important. Harmonlc univalent mappings have atfracted the serious
attention of complex analysts only recently after the appearance of a baslc paper by Ciunle and Sheil-Srmall (1984).

An analytic function of a harmonic function may not be harmonic. For exarmple, 2 Is harmonic but 7° is not. Bul, g product of
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ON A CERTAIN SUBCLASS OF MEROMORPHIC FUNCTIONS
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Ness. convexity. growth and distortion, convex linear
& Class by fixing sore Taylor coefficients.
Keywords: Univalent Functions, Geometric Properties, Coefficfenflnequalfm Fixed Cosfficlants.

INTRODUCTION

(z) s sqid to be univalent in a unit disk U f it does not fake same
valueforanyz, z, e t, 2, %%, )

Consider f{z) = QG+ a2+ +..., with a, 2 0forn 2 0 be the Taylor's seiies expansion of any f(z) in U, For our convenlence we
rewrte the above serles as fiz) =z+%"

2 02" Which is said to be heimalized univalent function. The set of all noimalized
univalent functions is denoted byS.

zf'(z
Definition 1.1. Anunivalent function f(z}is said to be starlike of order o if 0 ( - ( ))J 20for0 <a < 1 (Goodman, 1 83).
Z

Definition 1.2. An analytic function is sald to be convex of order a, if R [l + Ef.ﬂ) 20 forl<a < 1 [Goodman, 1 283).
4

The growth of an univalent function gives bounds for f(z) and distortion gives bounds of '{z).

Let £ be the class of meromaorphic functions of the form f(z)=1/z+3"

» 1 Q2" defined in a punctured unit disk E = {2eCz)> 1}
(Clunie, 1959),

Definition 1.3. Afunction fiz) of the above form Is said to be starlike of orderaforOsa < 1,z Eif Re{
Definition 1.4, A function flz}
{-00+271)} > @,

-2/} >a (Clunlg, 1959).
of the above form is said to be convex (Clunie, 1959) of order o for O ¢ < l.ze Eif Re

In 1925, Nevanlinna presented o large survey of his theory of meromaorphic functions which is regarded as Nevanlinna's
main work. Compiex Dynamics Is a thrust ared in modem function theory and two consective Fields Medals in 1990s were
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